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Abstract 

In [S. Arumugam, V. Mathew and J. Shen, On fractional metric dimension 
of graphs, preprint], Arumugam et al. studied the fractional metric dimension 
of the cartesian product of two graphs, and proposed four open problems. In 
this paper, we determine the fractional metric dimension of vertex-transitive 
graphs, in particular, the fractional metric dimension of a vertex-transitive 
distance-regular graph is expressed in terms of its intersection numbers. As an 
application, we calculate the fractional metric dimension of Hamming graphs 
and Johnson graphs, respectively. Moreover, we give an inequality for metric 
dimension and fractional metric dimension of an arbitrary graph, and deter- 
mine all graphs when the equality holds. Finally, we establish bounds on the 
fractional metric dimension of the cartesian product of graphs. As a result, we 
completely solve the four open problems. 
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transitive graph; distance-regular graph; cartesian product. 
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1 Introduction 

Let G be a finite, simple and connected graph. We often denote by V(G) and E(G) 
the vertex set and the edge set of G, respectively. For any two vertices x and y of G, 
oIg{x, y) denotes the distance between x and y, Rg{x, y} denotes the set of vertices z 
such that dc(x, z) ^ da(y, z). If the graph G is clear from the context, dc(x, y) and 
Rc{x,y} will be written d(x,y) and R{x,y}, respectively. A resolving set of G is a 
subset W of V(G) such that W Cl Rq{x, y} ^ for any two distinct vertices x and y 
of G. The metric dimension of G, denoted by dim(G), is the minimum cardinality 
of all the resolving sets of G. Metric dimension was first introduced in the 1970s, 
independently by Harary and Melter [6] and by Slater [7]. It is a parameter that 
has appeared in various applications (see [3J [5] for more information) . 

Let /: V(G) -> [0, 1] be a real value function. For W C V(G), denote f(W) = 
YIvgW f( v )- We call / a resolving function of G if f(Rc{x,y}) > 1 for any two 



* Corresponding author. E-mail address: wangks@bnu.edu.cn 



1 



distinct vertices x and y of G. The fractional metric dimension, denoted by dimj(G), 
is given by 

dimj(G) = min{|(?| : g is a resolving function of G}, 

where \g\ = g(V(G)). Arumugam and Mathew pQ formally introduced the fractional 
metric dimension of graphs and made some basic results. 

The cartesian product of graphs G and H, denoted by GOH, is the graph with the 
vertex set V(G) x V(H) = {(u,v)\u G V(G),v G V(H)}, where (ui,vi) is adjacent 
to (u2,V2) whenever u\ = U2 and {^1,^2} G E(H), or v\ = i>2 and {111,112} G E{G). 
When there is no confusion the vertex (u, v) of GOH will be written uv. Observe 
that d G DH(uiVi,U2V 2 ) = d G (m, u 2 ) + d H {v\, v 2 ). 

Very recently, Arumugam et al. [2] characterized all graphs G satisfying dimj(G) = 
l^P^J , presented several results on the fractional metric dimension of the cartesian 
product of graphs, and raised the following four open problems: 

Problem 1. Determine dirny (i^^Cn) when n is odd, where K2 is the complete 
graph of order 2 and C n is a cycle of order n. 

Problem 2. Determine d\m.f{H n ^), where the Hamming graph H n ^ is the 
cartesian product of n cliques K^. 

Problem 3. Caceres et al. [5] proved dim(Gnif) > max{dim(G), dim(if)}. Is 
a similar result true for diuif(GOH)? 

Problem 4. Let G and H be two graphs with dimj(G) = IK^H and |V(i7)| < 

\V(G)\. Is dim/(#nG) = 

The motivation of this paper is to solve all these problems. In Section 2, we 
determine the fractional metric dimension of vertex-transitive graphs, in particular, 
the fractional metric dimension of a vertex-transitive distance-regular graph is ex- 
pressed in terms of its intersection numbers. As an application, we calculate the 
fractional metric dimension of Hamming graphs and Johnson graphs, respectively. 
In Section 3, we give an inequality for metric dimension and fractional metric di- 
mension of an arbitrary graph, and determine all graphs when the equality holds. In 
Section 4, we establish bounds on the fractional metric dimension of the cartesian 
product of graphs. 



2 Vertex-transitive graphs 

For a graph G, in this paper we always assume that 

r(G) = min{|i?{a;,y}| | x,y G V(G),x ^ y}. (1) 

In this section we shall express the fractional metric dimension of a vertex-transitive 
graph G in terms of the parameter r(G), and solve Problems 1 and 2. 

Lemma 2.1 Let G be a graph with r{G) as in (TjQ). Then dimj(G) < ■ 

Proof. Define / : V(G) — > [0, 1], x — > ^^y- For any two distinct vertices x and 
y, we have 
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which implies that / is a resolving function. Hence, dimy(G) < |/| = ^t^P ■ □ 

A graph G is vertex-transitive if its full automorphism group Aut(G) acts tran- 
sitively on the vertex set. 

Theorem 2.2 Let G be a vertex-transitive graph with r{G) as in ([TJ). Then dimj(G) : 
\V{G)\ 

Tiny 

Proof. Denote r = r(G). Then there exist two distinct vertices u and v such that 
\R{u, v}\ = r. Suppose R{u, v} = {wi, . . . , w r }. For any automorphism a of G, 

R{a(u), a(v)} = {<r(u;i), . . . , cr(w r )}. 

Let / be a resolving function with dimj(G) = |/|. Then 

f(a( Wl )) + ■■■ + f(a(w r )) = f(R{a(u),a(v)}) > 1, 

which implies that 

2 (/(o-(wi)) + • • • + /(<rK))) > |Aut(G)|. 

o-eAut(G) 

Since G is vertex transitive, we have 

|Aut(GU | • |/| + • • • + |Aut(GW| • |/| > |Aut(G)|. 

It follows that dimj(G) = |/| > ^ r G ' > . By Lemma 12. II we accomplish our proof. □ 

Arumugam et al. [2] proved that dim^ (i^^Gn) = 2 when n is even. Here we 
consider the remaining case. 



Theorem 2.3 If n is an odd integer with n > 3, then dim.f(K 2 OC n ) = 
Proof. For any two distinct vertices u±vi and U2V2 of K2^C n , we have 



2n 

n+1 ■ 



2n - 2, if ui = tt2,«i 7^ ^2, 

2n, if ui / u 2 , v\ = v 2 , 

n+1, if U\ / «2,^C n (^l)^2) = 1, 

2n-2, iiu 1 ^u 2 ,d Cn {vi,V2)>2. 



Since K?^C n is vertex-transitive, dimf(K 2 OC n ) = by Theorem 12.21 □ 

Next we shall consider the fractional metric dimension of distance-regular graphs, 
in particular we compute this parameter of Hamming graphs and Johnson graphs, 
respectively. 

A graph G with diameter d is said to be distance-regular if, for all integers 
< h,i, j < d and any two vertices x, y at distance h, the number 

Pij = \{z£ V(G) I d(x, z) = i, d(y, z) = j}| 

is a constant. The numbers p} ■ are called the intersection numbers of G. For more 
information about distance-regular graphs, we would like to refer readers to [4]. 
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Theorem 2.4 Let G be a vertex-transitive distance-regular graph with diameter d. 
Then 

\V{G)\ 



dim/ (GO 



Proof. For any two distinct vertices x and y at distance h, \R{x,y}\ = \V(G)\ — 
^2i=iPii- By Theorem 12.21 the desired result follows. □ 

The Hamming graph, denoted by H n ^, has the vertex set {(x\, . . . , x n )\l < X{ < 
k, 1 < i < n}, with two vertices being adjacent if they differ in exactly one co- 
ordinate. It is well-known that H n ^ is a vertex-transitive distance-regular graph of 
order k n , and two vertices are at distance j if and only if they differ in exactly j co- 
ordinates. The hypercube Q n is the Hamming graph H n %. Arumugam and Mathew 
P] proved dimj(Q n ) = 2 for n > 2. Now we compute &\m.f(H n ^)- 

Theorem 2.5 Let H n ^ be a Hamming graph where k > 3. Then dimy- = ^. 

Proof. Let 5ij denote the Kronecker delta. Pick two vertices 

u = (l,...,l), v = (2,...,2,l,...,l). 



Then d(u,v) = h. Since, for any vertex w = (toi, . . . ,w n ), d(u,w) = d(v,w) if and 
only if Yli=i $i,Wi = Yli=i ^2,Wi, then the intersection numbers of H n ^ satisfy 

ti=E0( 2 ;)( fe - 2 ^ w 

Since Ylt=iPii = (k — 2)k n ~ 1 , by Theorem 12.41 it suffices to show that 



Y jP l i <{k-2)k n ~\ 2<h< 



n. 



For 1 < s < ft, we have 



i=l 

. ,™ In. 

2 i 



h \ /2s\ f h - 1 \ /2s\ A - 1\ /2s 

2sJvsJ U-v w + v 2 S A* 

< I '^-iV 23-1+ A"^ o2s 



2s - 1 / V 2s 



which implies that 



I- 

L 2 



s=0 



h \ (2s 



2sy v s 



-2s 



< 



8=1 



(i + r^)"". 
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By ©, we get 



n „ 

E*M ^ (! + I^)"" 1 ^ " 2 )^ n "" = ( fe " 2 ) fcn_1 ' 
i=i 

as desired. □ 

Let X be a set of size n, and let (^f) denote the set of all ^-subsets of X. The 
Johnson graph, denoted by J(n, k), has (^) as the vertex set, where two /c-subsets are 
adjacent if their intersection has size k — 1. As we know, J(re, k) is a vertex-transitive 
distance-regular graph of order (^) , and two vertices are at distance j if and only if 
their intersection has size k — j. Since J(n,k) ~ J(n,n — k) and J(n, 1) ~ K n , we 
only consider the case 4 < 2k < n. In order to calculate dirny(J(n, k)), we need the 
following result, the proof of which is immediate from the unimodality of binomial 
coefficients. 

Lemma 2.6 Let m be a positive integer and n be an arbitrary integer. Then 

m \ / m \ (m 
n + 1/ \n — 1/ — \ n 

Theorem 2.7 Ze£ J(n, A;) be a Johnson graph with 4 < 2k < n. Then 

if (n,fc) = (4,2), 
dim/(J(n,ifc)) = <{ ff, if = (8,4), 




2fe^=2F' otherwise. 

Proof. Pick any two distinct vertices A and -B at distance h, write Ai = A\(AC\B) 
and Si = B \ (A n 5). Then \Ax\ = \A 2 \ = h and A± fl -Bi = 0. Since, for any 
vertex C, d(A, C) = d(B, C) if and only if \Ai C\C\ = \B\ n C|, then the intersection 
numbers of J(n, /c) satisfy 

/i\ 2 /n — 2/i 



i=l s =0 



If ( n ,k) = (4,2), by Theorem El we have dim / (J(4,2)) = 3. If (n, k) = (8,4), 
by ([3]) and Theorem [2^41 we obtain dimy(J(8, 4)) = M. 

Now suppose (n,fc) {(4, 2), (8, 4)}. Since Ei=i^ = (V) + (k-t)> b y Theo " 
rem 12.41 it suffices to show that for 2 < h < k < § , 



We divide our proof into two cases. 

Case 1. h = \. Then h = k. By ©, we have 



k 

K Ji _ J 

(|) z , A; is even. 



E* 



t=i 
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Since 



< 2 



2k -2 
k-2 



n-2 

k 



+ 



n-2 
k-2 



for k > 6, 



then flU) holds. 

Case g. 2 < h < § . For 1 < s < h - 1 and < j < 2, we have 



2/i-2 
2s- j 



h-2 

E 

i=0 



h-2 



h 

2s- j -i 



> 



h-2\ fh 
s-j 



+ 



h-2 
s -1J \s-j + 1 



(5) 



By Lemma 12.61 and ([5]), we have 

2/i-2 



E 

i=l 

= E 

s=l 

+ 

h-l 

£ E 

s=l 

h-l 

a E 



2/i - 2\ /n - 2/i 

— i 



2/i-3 

+ E 



j=0 



2/i-2 
2s 

/2/j - 2 
\2s - 1 

2/i-2 
2s 



+ 



h-2 



+ 2 



2/t - 2 
2s - 2 

n - 2h 
k -2s + 1 

2h - 2 
2s - 2 

h-2 



+ 



2h-2\ ( n-2h 
k-%-2 



n-2h 
k-2s 

n-2h 
k-2s-l 



+ 



s - 1 



+ 



2h -2 
2s - 1 

h-2 
s-2 



n-2h 
k -2s 

h\ (n — 2h 
k -2s 



E 

s=l 



h\ (n — 2h 
k-2s 



Then 



n-2 
k 



+ 



n-2 
k-2 



> 



2/i-2 

E 

i=0 

n-2 
k 



2h - 2\ (n - 2h 

k — i 



2/i-2 

E 

i=0 



/ h\ 2 (n — 2h 



k — 2s 



+ E 



2h - 2\ f n - 2h 
k — i — 2 



n - 2h 
k — 2h 



A fh\ 2 fn - 2h 
^ U J \k-2s 



Hence (g]) holds by ©. 



□ 



3 An inequality 

In this section, we give an inequality for metric dimension and fractional metric 
dimension of any graph, and determine all graphs when the equality holds. 
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Lemma 3.1 Let G be a graph. For any subset A of V(G) with size |V(G)| — 
dim(G) + 1, there exist two distinct vertices x and y of G such that R{x,y} C A. 

Proof. Suppose there exists a subset A with size |V(G)| — dim(G) + 1 such that 
R{x, y} ^ A for any two distinct vertices x and y. Then R{x, y} n (V(G) \A)^%; 
and so V ( G)\ A is a resolving set of G. Therefore, dim(G)-l = \V(G)\A\ > dim(G), 
a contradiction. □ 

Lemma 3.2 Let G be a graph with r(G) as in ([1]). Then r(G) = \V(G) \ — 1 if and 
only if G is isomorphic to a path or an odd cycle. 

Proof. The sufficiency is immediate. Conversely, suppose r{G) = \V{G) \ — 1. De- 
note the maximum degree of G by A. Pick a vertex x with degree A. Suppose 
A > 3. We may choose three pairwise distinct vertices Xi,X2 and X3 adjacent to 
x. Observe x R{xi, X2} U R{x±, X3} U R{x2, X3}. Then X3 € R{x±,X2}, which 
implies that d(xs,xi) ^ d{x^,X2). We may assume d(x%,x\) = 1 and ^(£3,2:2) = 2. 
From X2 £ R{xi,x^} we get d{x\,X2) = 1, which implies that x\ R{x2,x^\, a 
contradiction. Hence A < 2; and so G is isomorphic to a path or a cycle. If G is 
isomorphic to an even cycle, then for two vertices u and v at distance 2, we have 
«}| = n — 2, a contradiction. Hence, the desired result follows. □ 

Lemma 3.3 Let G be a graph. Suppose \R{u,v}\ = 2 for any two distinct vertices 
u and v, where R{u, v} = V(G) \ R{u, v}. If the map 



: ( V{G) ) 



en 



{it, v} 1 — > R{u, v} 



\ 2 J 

is a bijection, then G is isomorphic to the complete graph of order four. 

Proof. For any two adjacent vertices x and y, let D l -{x,y) = {u G V(G) \ d(x,u) = 
i,d(y,u) = j}. The intersection diagram with respect to x and y is the collection 
{DUx, y)}i s j with lines between Dj(x,y)'s and L>|(x,y)'s. We draw a line between 
Dj(x,y) and Df(x,y) if there is possibility of existence of edges. The intersection 
diagram with respect to x and y is shown in Figure [H where Dj = Dj(x, y) and d is 
the diameter of G. 



{x} = 



{y} = Dh 




-D 



d-l 



-D 



d-l 



-D d d 



Figure 1: Intersection diagram with respect to x and y. 
Since R{x,y} = uf =1 D|, then 

E 1^1 = 2. 



(6) 



i=l 
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Note that two distinct vertices u and v belong to some Dj if and only if R{u, v} 
{x, y}. Since ip is a bijection, there exist a and b such that |D?| = 2 and 



D]| < 1 for 7^ M)- 



(7) 



Write L>£ = Oi.za}- 

Claim. There exist two adjacent vertices xo and yo such that |Z){(xo,yo)| — 2. 
Suppose that, for any two adjacent vertices x and y, 



Case 1. a = b. By P, -D- = for z / a. Then there exist x' G Z^ -1 and 
y' G Z?* —1 such that R{x',y'} = {#1,22} = R{x,y}. Hence {x',y'} = {x,y} and 
\D\\ = 2, contrary to ©. 

Case a ^ b. By ((TJ), there exists a unique z G D^Z\ such that z G 22} = 

{x, y}. Therefore, (a, 6) = (1, 2) or (2, 1). We may assume D\ = {z\, z-{\. By ([6]) and 
©, there exist i < Jo such that |D£J| = |£>j°| = 1 and D| = for i ^ z , j . Write 

-D-° = {u>i} and D?° = {w 2 }. Since w\ R{z\,z%}, then d(wi,zi) / d(wi,z 2 ). 
Without loss of generality, assume that d(w\,zi) < d(wi,z 2 ). 

Case 2.1. i$ = 1. Then d{w\,z\) = 1, which implies D\{x,w\) = {y,z±}. 
Consequently, x,w\ are adjacent and \D\{x,wi)\ = 2, contrary to ([8]). 

Case 2.2. io = 2. Note that D\ = 0. Then d(wi,z\) = d(wi,y±) = 1, where y± 
is the unique vertex in D\. If D\ = or L>| = 0, then jo = 3 and d(w\,W2) = 1- 
Consequently, -R{^i,yi} = {101,102} = -R{^,y}j which contradicts the fact that ip 
is a bijection. Write = {x 2 } and = {v^}- Since i?{zi,yi} 7^ {w\,W2), then 
d(i02,^i) 7^ d(w2,yi). The fact that d(w2,X2) = d(w2,y2) implies that X2 is not 
adjacent to z\ and d(x2, z 2 ) = 1; and so V(G) \ {zi, 101, 102} C i?{x2, 2/2} H R{z2, yi}. 
Then -R{x 2 ,y2} U i?{z 2 ,yi} C {^i, u>i, u^}- Since w 2 G -R{x 2 ,y2} and i?{x, y} = 
{101,^2}, we get -R{x 2 ,y2} = {zi,w 2 }. Consequently, R{z 2 ,yi} = {zi,w\}, which 
implies d(w±,Z2) = d(w\,y{) = d{w\,z{). Hence w\ G R{zi,z 2 }, which contradicts 
R{zi,z 2 } = {x,y}. 

Case 2.3. t > 3. Note that DjlJ = 0. By ID^ 1 ) = |-D-°_xl = 1. Write 
= {x'} and = {y'}. Since d(x', u?i) = d{y' ,W\) andd(x y ,w 2 ) = d(y',W2), 

then i?{x',y'} = {101,102} = R{x,y}, a contradiction. 
Therefore, our claim is valid. 

Now write D\{x ,y Q ) = {z[,z f 2 }. By ©, Dj(x ,y ) = for i > 2. By ©, 
|£>j(x ,yo)| < 1 for i / j. 

Suppose D^xcbyo) U.Df(xQ,yo) 7^ 0- We may assume that D\{xQ,yo) 7^ 0. 
Write L>|(x ,yo) = {xi}. If £>f(x ,yo) = 0, then V(G) \{z[,z' 2 } C i?{x,xi}, which 
implies that -R{x,xi} = {z^z^} = i?,{x,y}, a contradiction. If Z)f(xo,yo) 7^ 0, write 
Dl(x ,yo) = {yi}, then V(G) \{z[,z 2 } Q R{ Xl ,yi}. Hence, i?{xi,yi} = {z[,z' 2 }, 
a contradiction. Consequently, D^xq^q) = Df(xo,yo) = 0, and |V(G)| = 4. Since 
R{xo, z[} = {yoi ^i' we have ^(^ii ^2) = anc ^ then G ~ ^4. □ 

Now we state our main result of this section. 



D\(x,y)\ < 1. 



(8) 
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Theorem 3.4 Let G be a graph of order n. Then 



dim/(G) > 



n 



(9) 



n - dim(G) + 1 ' 



Moreover, the equality holds if and only if G is isomorphic to a path, a complete 
graph, or an odd cycle. 

Proof. Write I = n — dim(G) + 1. Suppose / is a resolving function of G with |/| = 



dim/(G). By Lemma EH f(A) > 1 for each A E { V f ] ). Hence J2 Ae (vf >) f( A ^ - 
(?). Since E Ae( v( G)) f(A) = {^Dlfl then © holds. 

Suppose that the equality in ([9]) holds. Then f{A) = 1 for each A 6 ( V ^)- 
If dim(G) = 1, then G ~ P n . If dim(G) = n — 1, then G ~ K n . Now suppose 
2 < dim(G) < n - 2. Then 3 < Z < n - 1. 

Given two distinct vertices x,y, pick an (/ — l)-subset A\ of V(G) \ {x,y}. 
Since f({x} U A\) = 1 = f({y} U ii), then /(x) = /(y) = |, which implies that 
> I. By Lemma 13.11 for any A € (^j )> there exist two distinct vertices 
xo and yo such that i?{xo,yo} = A. Hence r(G) = /, and 



It follows that I = n — 1 or I = n — 2. 

Case 1. I = n — 1. By Lemma l3.2( G is isomorphic to an odd cycle. 

Case 2. l = n-2. In this case n > 5. By (fIU|) . we have \{R{u, v}\u / u}| = (™). 
By Lemma |3. II we get |-R{x,y}| = I for any two distinct vertices x and y. Then we 
obtain a bijection 93 as in Lemma 13.31 Hence, G ~ K^, a contradiction. 

The converse is true by [TJ Corollary 2.7 and Theorem 3.2]. □ 

Combining Lemma 12.11 and Theorem 13. 44 we obtain the following corollary. 
Corollary 3.5 Let G be a distance-regular graph with diameter d. Then 



The equality holds if and only if G is a complete graph or an odd cycle. 

4 Cartesian product of graphs 

In this section, we shall establish bounds on the fractional metric dimension of the 
cartesian product of two graphs. 

Theorem 4.1 Let G and H be two graphs. Then dirnj(GDil) > dim/(G). 

Proof. Pick a resolving function fcnH of GOH with \ fanii\ = diuif(GOH). Define 




(10) 



d 



dim(G) < max{^^ i [/i = 1, . . . , d} + 1. 



i=i 



fa ■ V(G) 



u 



mm 



{1, fGUH{uv)}. 



yeV(H) 
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Let u\ and u 2 be two distinct vertices of G. We shall prove 

f G (R G { Ul ,u 2 })>l. (11) 

If there exists uq G R G {ui,u 2 } with f G (uo) = 1> then (fTT]) holds. Now we 
suppose f G (u) = J2veV(H) /gdh(^) for any u € V(G). For v G we have 

i2{«iUo, W2«o} = |J |J {uv}. 

u€R G {ui,u 2 } v£V(H) 

Then 

f G {R G {ui,u 2 }) = ^2 E fcnniuv) = f G nH{R{uiv ,u 2 v }) >l, 
ueR G {u!,u 2 } veV(H) 

(jlip holds. Therefore, f G is a resolving function of G. Since 



ueV(G) vev(.ff) 

then dimj(G) < diuif(GOH), as desired. □ 

Since GOH is isomorphic to HOG, this theorem gives an answer to Problem 3. 
By Theorem 12.51 the bound in Theorem 14. II is sharp. 

Theorem 4.2 Let G and H be two graphs. Then 

dim f (GUH) < max{di m/ (G), \V(H)\}. 

Proof. Let f G be a resolving function of G with \f G \ = dim^(G). Denote I = 
mm{dim f (G),\V(H)\}. Define 

f GDH : V(GUH) — > [0, 1], u„ — > ^M. 
For any two distinct vertices ui^i and U2U2 in GOH, we shall prove 

/Gntf(-R{^i'yi,'W2W2}) ^ !• 

Case i. Ui = v%. Since 

i2{uivi,u 2 vi} = (J [J 

uGR G {tti,u 2 } DGV(-ff) 



then 

f G a H (R{uiv 1 ,u 2 v 1 }) = E ^ = ^^-/g{^g{«i»«2}}>1- 



Case 2. t>i 7^ «2- Write 



51 = {-u G V(G0 I d G (ui,u) = d G (u 2 ,u)}, 

5 2 = {u G V(G) I d G (ui,u) < d G (u 2 ,u)}, 

5 3 = {u £ V(G) I d G (ui,u) > d G (u 2 ,u)}. 
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Then 

R{uxv 1 ,u 2 v 2 } 3 ( [J {uvi}) U ( [J {u-u 2 })- 

ueSiUS 2 ueSiuS 3 

It follows that 

/Gn^-R-juiUi,"^-^}) > E fcoH(uv 1 )+ ^ fGaH(uv 2 ) 

«eSiuS 2 «eSiuS 3 
fa&USi) f G (S 1 uS 3 ) 

I I 
dim/(G) / G (5i) 



Z Z 
> 1. 

Therefore, Jgdh is a resolving function of GOH. Since 
M= E E ^= E ^f^ = max { dim /( G),|m)|}, 

the desired result follows. □ 

By [H Theorem 4.2] and [H Theorem 3.3], P n UK 2 and C 2n nif 2 meet the bound 
in Theorem 14.21 

Finally, we focus on Problem 4. 

Theorem 4.3 Let G be a graph with at least three vertices and dirny(G) = ^ V ^' . 
Let H be a graph with \V{H)\ < \V(G)\. Then dim/ (GDH) = 

Proof. By Theorem 14.11 dim.f(GOH) > . In order to prove dimy(Gnif) < 

by Lemma 12.11 it suffices to show that 



2 ' 



\R{u 1 v 1 ,u 2 v 2 }\>2\V(H)\ (12) 



holds for any two distinct vertices u±Vi and u 2 v 2 in GOH. 

Case 1. u\ = u 2 . Since R{u\V\,uiv 2 } 5 {uv\\u 6 V(G)} U {m>2|« € V(G)}, 
then lE^ui^iUall > 2|F(G)| > 2\V{H)\, holds. 

Case 2. «i / ti 2 . For v € let 

S„ = {u|u € y(G),(iG(iii,ti) - d G (u 2 ,u) / fc„}, 

where /c„ = du{v 2 ,v) — djj(vi,v). Note that i2{it]Vi, 7x2^2} = U u6 y(m{m>|it £ S^,}. 
In order to prove (|12|) . we only need to show that 

> 2. (13) 



Case £1. fo„ 7^ da(ui,u 2 ) and fey 7^ — dc(ui,u 2 ). Then u\,u 2 € S^, and (jX3|) 
holds. 

Case fey = dc(ui,u 2 ). Then m S Since dimy(G) = , by [2j 

Theorem 2.2] there exists a vertex u' 2 6 V"(G) \ {^2} such that, for any u 6 \ 
{w 2 ,n 2 }, 

d G (u 2 ,u) = da(u 2 ,u). (14) 
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If u 2 7^ ui, by (HH) we have dc(ui,u' 2 ) — dc(u2,u 2 ) < dG(ux,u 2 ) = k v , which implies 
u 2 6 S v and (fl~3|) holds. Now suppose u 2 = u\. Choose M3 G U(G) \ {ui,U2}. By 
(Q~H), £^(^1,^3) — dG{u2-,uz) = < k v . Then M3 € and so (Q2J) holds. 

Case k v = -d G (ui,u 2 ). Similar to Case 2.2, CED holds. □ 
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